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For a K-form V of P2 over the function field K over an algebraically closedK
 .field k of char k s 0, we will construct a proper flat surjective morphism
 .t : V ª X with V and X smooth projective varieties over k such that i the
 .  .function field of X is K, ii the generic fibre of t is isomorphic to V , iii theK
relative Picard number is equal to one. This is a generalization of a result of V. G.
Sarkisov about standard conic bundles. Q 1997 Academic Press
INTRODUCTION
The purpose of this paper is to generalize a result about conic bundles
2  .to the case of P -bundles Corollary below . Let K be a field containing a
 .   4.primitive cubic root of unity v, and A s f , g f , g g K y 0 be a3, K
cyclic algebra of rank 9 over K, i.e., A is generated by two elements x, y
with relations x 3 s f , y3 s g, yx s v xy. Suppose there is an irreducible
regular scheme X with the function field isomorphic to K satisfying the0
 .following condition 1 . Denote the principal divisors of f and g by
 .  .  .f ' A, g ' B mod 3Div X , where A and B are sums of primeX X 00 0
divisors of X with coefficients equal to one or two. Then0
A q B is a simple normal crossing divisor of X . 1 .  .r ed 0
The main theorem of this paper is stated as follows.
 .THEOREM. Under the abo¨e assumption 1 , there exists a proper flat
surjecti¨ e morphism t : V ª X with V and X irreducible regular schemes such
 .  .that i X is obtained by blowing up X , ii the generic fibre of t is0
2 isomorphic to the K-form V of P associated to the cyclic algebra A cf.K
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If K is the function field of an algebraic variety over an algebraically
 .closed field k of char k s 0, then there exists a smooth projective variety
 .X over k satisfying 1 due to the theorem of resolution of singularities.0
Moreover, a central simple algebra of rank 9 over a field is always
wrepresented by a cyclic algebra by a Theorem of Wedderburn 5, Theorem
x15.6 . Hence we obtain as a Corollary of our Theorem above
COROLLARY. Let K be the function field of an algebraic ¨ariety o¨er an
 . 2 algebraically closed field k of char k s 0 and V be a K-form of P i.e.,K
2 .V = K ( P for an algebraic closure K of K . Then there exists a properK K K
flat surjecti¨ e morphism t : V ª X with V and X smooth projecti¨ e ¨arieties
 .  .such that i the function field of X is isomorphic to K, ii the generic fibre of
 .  .t is isomorphic to V , iii the relati¨ e Picard group Pic VrX is isomorphicK
 .to Pic V by restriction.K
2 We call the fibre space V in the Theorem a standard P -bundle cf.
 ..Definition 1.1 . The existence of a standard conic bundle associated to a
1 w xK-form of P is proved in 7, Theorem 1.13 . We will show the anticanoni-
cal bundle vy1 is relatively very ample over X and V is embedded intoV
w y1 x  .P t#v . The degenerate fibre over a smooth resp. singular point p ofV
the discriminant locus consists of three F , one point blow up of P 2, if1
  ..  . char k p / 3 for the residue field k p of p resp. the projective cone
 ..F of the rational normal curve embedded by O 3 . This family of F with3 1
degenerate fibre F is obtained by a projection of the family of Veronese3
surfaces with degenerate fibre F , the projective cone of the rational4
 .   ..normal curve embedded by O 4 Proposition 2.2 .
w xIn Section 1, we recall a result in 2 about the degenerate fibre over a
smooth point of discriminant locus of P ny1-bundles. We represent the
K-form V of P ny1 associated to a central simple algebra A of rank n2 over
a field as a linear section of a grassmannian,
6 kw xV P E
6 6
2 .
k n k6w xG A P H An
w kx w n kxwhere G A ; P H A is the Plucker embedding of the grassmannianÈn
w kx k w kxG A of n-quotients of the dual A of A, V ; P E is the anticanoni-n
 .cal embedding of V, and E is the A* sthe unit group of A -semi-
invariant subspace of Hn A:
E s z g Hn A N z ? u s N u z for any u g A* . 3 4 .  .
 .Here N u is the reduced norm of u g A*. We determine in Section 2 a
 .  .basis of the subspace 3 in the case of the cyclic algebra f , g . From3, K
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this, we will show that the total space of a P 2-bundle is regular along the
degenerate fibre over a singular point of discriminant locus. In the case
both f and g are contained in the maximal ideal of a local ring R,
complexity of calculation comes from the fact that there is no etale cover
 .of R splitting f , g . In Section 3, we prove the existence of a standard3, R
2   ..  .P -bundle cf. Definition 1.1 associated to f , g assuming the above3, K
 .condition 1 . Our Theorem is proved as follows. We construct a regular
scheme X applying blowing up X in order to make the discriminant locus0
 .   ..D A, X cf. 3.3 of A on X satisfy the condition
D A , X is a simple normal crossing divisor of X with D l D l D . i j k
empty for any three irreducible components D , D , D of D A , X . .i j k
4 .
Then we construct a locally free O -order L in A with the followingX
 .property at each point p g X. Let R, M be the local ring of X at p.
 .Then L m R is isomorphic to f , g with f , g g R satisfying one ofp p 3, R p p
the following conditions:
 .  .i f , g g R* the unit group of R ,p p
 . 2 2ii f g R*, g g M y M or f g M y M , g g R*,p p p p
 . 2 2iii f , g g M y M , and f , g mod M are linearly independentp p p p
 .over the residue field k p of p.
The P 2-bundle V over X constructed from this order L by using the
 .diagram 2 is an irreducible regular scheme from the results in Sections 1
and 2. If there are reducible fibres over the generic points of prime
divisors of X, then we can contract them and obtain a standard P 2-bundle
over X. In Section 4, we assume the uniqueness of the etale local structure
of locally free maximal O -orders in a central simple algebra A of rank 9X
 .over the function field of X with the discriminant locus which satisfies 4 .
Under this assumption, we will show that all of the birational maps over X
among standard P 2-bundles whose generic fibres are associated to A are
induced by twice elementary transformations of vector bundles. Lastly, we
give an example of a unirational standard P ny1-bundle over a rational
surface whose discriminant locus is disconnected. This is a generalization
w xof an example of 3 .
This paper is organized as follows. In Section 1 we give a geometric
description of the degenerate fibre over a regular point of discriminant
locus, and a representation of K-form of P ny1 by a linear section of a
grassmannian. These two results will be used in the sequel. In Section 2 we
investigate the degenerate fibre over the singular point of the discriminant
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locus. In Section 3 we study the global structure of P 2-bundles and prove
our Theorem. In Section 4 we describe birational maps between standard
P 2-bundles over the same base scheme and give an example of a unira-
tional, nonrational P ny1-bundle.
The author is very grateful to Professor S. Mori for useful discussions
and for valuable suggestions.
1. PRELIMINARY FACTS
 .1.1 In this section we fix an integer n G 2.
DEFINITION. A proper flat surjective morphism t : V ª X with irre-
ny1  .ducible regular schemes V and X is a standard P -bundle over X if i
the generic fibre V is a form of P ny1 over the function field K of X, i.e.,K
ny1  .V = K ( P for a separable closure K of K ; and ii the relativeK K s s
 .  .Picard group Pic VrX is isomorphic to Pic V by restriction homomor-K
wphism. In the case n s 2, we call it a standard conic bundle 7, Definition
x1.4 .
 .1.2 Let X be a noetherian integral scheme with the function field K
and A be a central simple algebra of rank n2 over K. We say a subalgebra
 .L of A is an O -order in A if i L contains O and is a torsion freeX X
 .coherent O -module, ii L m K ( A. For a locally free O -order L inX O XX w n kxA, we define a subfunctor of the grassmannian G H L of n-quotientsn
k  .of the dual L s Hom L, O of L byO XX
kw xV S s z g G L m S N z ? u s N u z .  .  .L n S
for any u g L m S * , 1 .  .5
  . .  .where N resp. L m S * is the reduced norm resp. the unit group ofS
  .k.the S-algebra L m S and if z s z n ??? n z z g L m S , then1 n i
 .  .z ? u s z u n ??? n z u . If L is an Azumaya algebra over X, then the1 n
 .  . above definition 1 coincides with V S s rank n right ideals of L m S,L
4which are subbundles of L m S and V is represented by a Brauer]SeveriL
w xscheme 3 .
 .  .1.3 Let R, M , k be a discrete valuation ring with the function field K.
We recall the following result of M. Artin.
w  .xPROPOSITION 2, Theorem 1.4 . Let A be a central simple algebra of
2  .rank n o¨er K. Suppose a maximal R-order L in A satisfies i L is totally
 .  .ramified at M , ii there is an etale extension S, N, k9 of R which splits A.
Then V is represented by an irreducible regular scheme V o¨er R such thatL
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the closed fibre of V = S is a reduced normal crossing di¨ isor consisting ofR
 .  .n-components Y 1 F i F n , which are smooth ¨arieties of dimension n y 1i
o¨er k9 and conjugate each other o¨er k.
Geometrically, V = S is obtained by blowing up P ny1 along centersR S
ny2 ny3 1 0 P > P > ??? > P > P a complete flag of the closed subschemek 9 k 9 k 9 k 9
ny1 ny1. ny i  .P of P , and Y is the proper transform of P 1 F i F n . Ink 9 R i k 9
detail, let X s P ny1 and Y s P nyky1 for 0 F k F n y 1. We define0 S 0 k k 9
 .y1 .successively s : X ª X by the blow up along s ( ??? (s Yl l ly1 ly1 1 0, l
for 1 F l F n y 1. For 0 F k F n y 1, let Y be the closed subscheme oflk
X equal tol
y1¡ s ( ??? (s Y for 0 F l F k , .  .l 1 0 k
s sl kq1~Y s 6 6lk the proper transform of Y by X ??? Xk k l k¢
for k - l F n y 1.
From the definition, Y is the codimension two center of the blow uply1, l
s : X ª X and Y ; X is the exceptional divisor of s . Then thel l ly1 l l l l
nyky1  .proper transform Y of Y s P 0 F k F n y 1 is irreducibleny1, k 0 k k 9
components of the closed fibre in the Proposition. In general, if L has
ramification index m with n s mr, then V = S is obtained by blow up ofR
P ny1 along P my1. ry1 > P my2. ry1 > ??? > P ry1.S k 9 k 9 k 9
 . m.1.4 For each integer m G 2, let Y be an irreducible component of
 . 2. 1the closed fibre of V = S in Proposition 1.3 for m s n. Then Y ( PR
3. w  .x 1 11 1and Y ( P O [ O 1 , the P -bundle over P associated to the locallyP P
 . w  .x1 1free sheaf O [ O 1 2, Example 1.5 . The next Lemma shows thatP P
Y m. has a P1-bundle structure over Y my1..
 .LEMMA. With the notation as in 1.3 ,
 . m.i Y ( Y for 2 F m F n,my 1, ny1
 . 1ii s : Y ª Y induces the P -bundle structuremy 1 my1, ny1 my2, ny1
m. my1. m. w  .x  .my1. my1. my1.Y ª Y with Y s P O [ O 1 , where O 1 is theY Y Y
my1. w  .xmy2. my2.tautological line bundle on Y s P O [ O 1 .Y Y
 . n.  .Proof. i Y ( Y is stated in 1.3 . For 2 F m - n, the iso-ny1, ny1
morphism Y m. ( Y is obtained by considering a linear sectionmy 1, ny1
P my 1 ; P ny1.S S
 .ii Since s : X ª X is the blow up along Y , the exceptionall l ly1 ly1, l
w xdivisor Y is written by P C with the conormal sheaf C ofl l Y r X Y r Xly 1, l l ly1, l l
Y in X , andly1, l l
<s : Y s P C ª Y 1 .Yl lk Y r X ly1, kly 1 , kly1 , l l
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is a P1-bundle for l F k F n y 1. By induction on l, we show for any k and
m with l F k - m F n y 1 the exact sequence of conormal sheaves
0 ªC ª C ª C ª 0 2 .Y r X Y r X Y r YYlk l lm l lm lklm
 . ny1splits. For l s 0, the splitting of 2 is clear because X s P and0 S
Y s P nyky1. We assume l ) 0. The canonical surjectionlk k 9
w : s U C ª Cl Y r X Y r Xly 1 , m ly1 lm l
induces the exact diagram




0 ªC C C ª 0Y r X Y r X Y r YYlk l lm l lm lklm
The upper rows splits by the hypothesis of induction on l, so the lower row,
 .i.e., 2 , also splits. Thus, for k s l and m s l q 1, we have obtained an
isomorphism
C (C [ C 3 .Y r X Y r X Y r YYl , lq1 l l l l l , lq1 l ll , lq1
 .with C isomorphic to the tautological line bundle O 1 of theY r X Yll l l l1 w xP -bundle s : Y s P C ª Y , andl l l Y r X ly1, lly 1, l l
C ( s ( ??? (s *C ( s ( ??? (s *O ny ly2 y1 . .  .  .Y r Y 1 1 Y r Y 1 1 Pl , lq1 l l 0 , lq1 0 l
 .Hence we obtain an isomorphism by restricting 3 to Y :l, ny1
C ( O 1 [ O . 4 .  .Y r X Y YYl , lq1 l l , ny1 l , ny1l , nq1
We assumed Y  lq1. s Y by the hypothesis of induction, so Y  lq2. sl, ny1
w < x w  . x lq1. Lq1.Y s P O is isomorphic to P O 1 [ OYlq1, ny1 Y r X Y Yi, ny1l, lq1 l
 .by 4 .
1  .Let j be the class of the tautological line bundle of the P -bundle 1 .lk
From the above Lemma, the canonical divisor K n. of Y n. ( YY ny1, ny1
is equal to
K n. s y2j y j y ??? yj . 5 .Y ny1, ny1 ny2, ny1 1, ny1
From this, Y n. is a Fano variety by the Nakai criterion, and
n. n.n.yK s yK qYn. YV YY
s j q j q ??? qj . 6 .ny1, ny1 ny2, ny1 1, ny1
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2. 1 3. w  .x1 1In particular, since Y ( P , we see Y s P O [ O 1 ( F , the oneP P 1
point blow up of P 2, and
yK s j q j s s q 2 f 73.  .V 22 12Y
with the negative section s and a fibre f of F .1
 .  .1.5 Let R, M , k be a regular local ring and G s ZrnZ with a
generator s . Let S be a finite etale R-algebra with an action of G and
w x w x 2isomorphic to R G as an R G -module. For an element g g M y M , we
 .define a cyclic R-order L s L S, s , g by
L S, s , g s S [ Sy [ ??? [ Sy ny1 1 .  .
n  .with relations y s g and yx s s x y for any element x g S. In the case
w x  n .  .S s R T r T y f with f g R* and char k not dividing n, we write
 .  .L S,s , g s f , g , i.e.,n, R
ny1
i jf , g s Rx y , 2 .  .[n , R
i , js0
subject to the relations x n s f , y n s g, yx s z xy, for a primitive nth root
 .  .of unity z . From Proposition 1.3 , the functor V for L s L S, s , g isL
represented by an irreducible regular scheme V over R. Moreover, if S is
 .isomorphic to the product R = ??? = R n factors as an R-algebra, then
 .L S, s , g is a subalgebra of the matrix algebra of degree n over R, so that
V is obtained by the blowing up of P ny1 along centers P ny2 > P ny3 >R R r g . R r g .
??? > P1 > P 0 . Globalizing this fact, we use the following Lemma inR r g . R r g .
the case n s 3.
LEMMA. Let X be an irreducible regular scheme and D be a regular closed
 .subscheme of codimension one in X. Let L be an O -order such that i L isX
 .an Azumaya algebra o¨er X y D, ii for any point p g D, L m O isX , p
 .isomorphic to the cyclic algebra 2 with R s O . Then V is represented byX , p L
an irreducible regular scheme V o¨er X ; t : V ª X. Moreo¨er, if ty1D
 .decomposes into n components Y 1 F i F n for an irreducible componenti
 .  4D of D, then any n y 1 components among Y are contracted and thei
resulting scheme is also regular.
 . 21.6 Let A be a central simple algebra of rank n over a field K with
me  .eexponent e, i.e., A is isomorphic to the matrix algebra M K of degreen
e ny1   ..n over K. Let V be the K-form of P associated to A cf. 1.2 . Then
 .  .ny 1Pic V s Z L with L m K ( O e for a separable closure K of K.s P s
We use the following representation of the K-form V embedded by L .
me  . me eeSince A is isomorphic to M K , A decomposes into n direct sumn
 .eW [ ??? [ W in the left A* sthe unit group of A -module with1 n
ON STANDARD PROJECTIVE PLANE BUNDLES 21
 .  .  .  .W m K ( V 1 m ??? m V 1 e-factors in the left A* m K ( GL K -i s n n s n s
 e.  .  .module 1 F i F n , where V 1 is the natural GL K -module of di-n n s
 .memension n. Since V 1 contains the eth symmetric tensor representationn
 .  .V e of GL K with multiplicity one, descent theory implies that each Wn n s i
 . mecontains the left A*-module E with E m K ( V e . Hence A con-i i s n
 . etains E such that E m K ( V e with multiplicity n , from which the eths n
e nexterior product H A contains E with multiplicity . Let E be one of /e
them and
k e kw xP E ; P H A 1 .
be the A*-equivariant projective subspace induced by the dual of the
inclusion from E into He A.
 . w kx k1.7 Let us consider the grassmannian G A of e-quotients of Ae
and the fibre product
6 kw xV P E
6 6
1 .
k e k6w xG A P H A ,e
where the lower inclusion is the Plucker embedding and the right verticalÈ
 .map is the embedding 1.6.1 .
LEMMA. With the abo¨e notation, V is the K-form of P ny1 associated to
w kx ny1A and the embedding V ; P E is the Veronese embedding of P of
degree e o¨er K .s
 .   ..2Proof. Let V a , a resp. V a , a be the irreducible repre-n 1 2 n 1 2
 .   .  ..2sentation space of A* m K ( GL K resp. GL A ( GL K withs n s n
 4signature a , a . Then the second symmetric tensor representation1 2
2 e . 2  e.  .2 2S H A s S V 1 decomposes into the direct sum of GL K -modulen n
S2 He A ( V 2 2 e [ W . 2 .  .  .n
w kx w e kxso the defining ideal of G A in P H A by the Plucker embedding isÈe
2 e .  .generated by all of the quadrics in W ; S H A . Restricting 2 to the
A*-submodule E of He A, we obtain
e
2V 2 m K ( V 2 e , .  .En s n
w kxso the defining ideal of V in P E is generated by all of the quadrics in
2<W ; S E. The Lemma follows from this.E
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 . n1.8 From now on, we consider the case e s n. In this case, H A
 .contains just one left A*-submodule E with E m K ( V n .s n
LEMMA. The left A*-module E is the right semi-in¨ariant subspace of
Hn A,
E s z g Hn A N z ? u s N u z for any u g A* , 1 4 .  .
where N: A* ª K* is the reduced norm of A.
n  .Proof. Let F be the right semi-invariant subspace of H M K :n
F s z g Hn M K N z ? u s det u z for any u g GL K . 4 .  .  .n n
 .A basis of F consists of  sgn s e n ??? n e for 1 F i Fs g S i , s 1. i , s n. 1n 1 n
??? F i F n, where S is the symmetric group of degree n and the e aren n i j
 .  .matrix units of M K . This implies that F is isomorphic to V n (n n
0  ..  .ny 1H O n as a left GL K -module. The Lemma follows from this byP n
descent theory.
The above Lemma implies in the case e s n that
 .i for a K-algebra L, the set of L-rational points of V consists of
rank n right ideals of A m L,
 .  .ii inner automorphisms of A preserve the subspace E, hence
they induce automorphisms of the K-form V.
 .If A is a cyclic algebra A s f , g with generators x, y subject to then, K
relations x n s f , y n s g, yx s z xy, then we will consider instead of E of
Ä .1 an overmodule E of E in Section 2:
nq1 nq1nÄE s z g H A N z ? x s y1 fx , z ? y s y1 gz . 2 .  .  . 4
k k Äk k n kw x w x w x w x w xWe see easily V s P E l G A s P E l G A in P H A .n n
2. DEGENERATE FIBRES OF P 2-BUNDLES
 .  .  .2.1 Let R, M , k be a regular local ring of dimension n G2 contain-
 4ing a primitive cubic root of unity v, and f , g be a part of a regular
system of parameters. In this section we construct from the cyclic algebra
 .  . 2L s f , g defined in 1.5.2 a standard P -bundle V over R with3, R
  ..degenerate locus equal to the two hyperplanes D s Spec Rr f andf
  ..  .D s Spec Rr g . Let V be the functor defined in 1.2.1 for L sg L
 .f , g .3, R
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THEOREM. The functor V is represented by an irreducible regular schemeL
 . y1 .  .V o¨er R, t : V ª Spec R , with degenerate fibres t p s V = k pR
  . .where k p is the residue field of p , described by
 . y1 .i If p g D j D is not contained in D l D , then t p isf g f g
  ..geometrically reducible. Suppose p g D y D with char k p / 3, and letg f
 .w x  3 . y1 .  .k s k p T r T y f . Then t p = k ( Y j Y j Y reducedÄ Äk  p. 1 2 3
and Y is isomorphic to the one k-rational point blow up F of P 2.Äi 1 kÄ
 . y1 .ii If p g D l D , then t p is geometrically irreducible andf g
y1 .t p is isomorphic to the projecti¨ e cone of the rational normal cur¨ e inr ed
3  .P embedded by O 3 . Let j be the generic point of the irreducible schemek  p.
y1 . y1t p . Then the length of the Artin local ring O is equal to three.t  p., j
 . iy1  .In the case i , Y are the proper transforms of P 1 F i F 3 on thei kÄ
2  w x  3 .. 1 0   .blow up of P = Spec R T r T y f along centers P > P cf. 1.3R R k kÄ Ä
 ..and Lemma 1.5 . Hence Y intersects Y transversely along a fibre andi j
the negative section, and Y l Y l Y consists of one point.1 2 3
 .2.2 Let
w x 3S s R T r g , T y f 1 . .
Ä  .   ..and f: D s Spec S ª D s Spec Rr g be the cyclic cover of degreeg g
 .three. To prove ii of the Theorem, we will show
y1 Ä .  .PROPOSITION. i The fibre product t D = D decomposes intog D gg
three irreducible components, each of which, say, W, is the normalization of
y1 . y1 .t D in the function field of t D ,g g




6 6 ÄSpec R D D , . g g
t fg 6 6Äwhere W D D is the Stein factorization.g g
 . 4ii W is embedded in P = S defined by equationsR R
x x y yx x1 2 5 3
rank s 1, 2 .2 /x y v yx x x2 5 3 4
 . 4where x : ??? : x is the homogeneous coordinates of P and y is equal to1 5 R
 3 . w x  3 .T mod g, T y f in S s R T r g, T y f .
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Let W9 ; P 5 be the family of Veronese surfaces defined byS
x x x y v 2 yx0 1 2 5
x x y yx xrank s 1 3 .1 2 5 3
2 0x y v yx x x2 5 3 4
 . 5   .with the homogeneous coordinates x : ??? : x of P if y s 0, then 30 5 S
 ..defines the projective cone of the rational curve embedded by O 4 . We
 .  .see from 2 and 3 that W is obtained by the projection of W9 from the
 4center x s ??? s x s 0 . Although W has singularities along vertices of1 5
the singular fibres, we will prove that the total space V is a regular
scheme. We see easily
¡ 4O 1 ( O s q 2 f if f p g D y D , .  .  .Ä y1P =D F 1 g f .t pg 1g~
4s *O 1 ( O s q 3 f if f p g D l D ,¢  .  .  .Ä y1P =D F 3 f g .t pg 3g
 .  w 1where s resp. s is the negative section of F resp. F s P O [1 3 1 3 P
 .x.1O y3 , f is a fibre, and s : F ª F is the contraction of s on F . TheP 3 3 3 3
y1 .  .2  .2degrees of fibres t p are equal to s q 2 f s s q 3 f s 3.g 1 F 3 F1 3
 .  . 32.3 Let x, y be generators of L s f , g with relations x s f ,3, R
3 i j y s g, yx s v xy. We number elements x y of an R-basis of L 0 F i,
.j F 2 ,
0 s 1, 1 s x , 2 s x 2 , 3 s y , 4 s xy , .  .  .  .  .
5 s x 2 y , 6 s y2 , 7 s xy2 , 8 s x 2 y2 . .  .  .  .
3  . 4Then a basis of n L is written by ijk N 0 F i - j - k F 8 , where, for
 .  .  .  . 2  .instance, 137 s 1 n 3 n 7 s x n y n xy , etc. As we stated in 1.8.2 ,
we will determine in the next Lemma a basis of the subspace
Ä 3E s z* g n L N z*x s fz*, z*y s gz* . 4
LEMMA. The following twel¨ e elements zU , . . . , zU form a free R-basis1 12
Äof E.
018 126 027 2 .  .  . v g g yv g
U 2234 045 135 .  .  .z s s , 1 .v g g yv g1  0  02567 378 468 .  .  . v 1 yv
g yv 2 g fg127 028 016 .  .  .
U 2145 235 034 .  .  .z s s , 2g yv g fg  .2  0  02478 568 367 .  .  . 1 yv f
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v fg g yv 2 fg017 128 026 .  .  .
U 2134 245 035 .  .  .z s s , 3v fg g yv fg  .3  0  02467 578 368 .  .  . v f 1 yv f
015 123 024 2 .  .  . v g g yv g
U 2348 456 357 .  .  .z s s , 4 .v 1 yv4  0 0 2267 078 168 .  .  . v 1 yv
v 2 fg yv fg g014 023 125 .  .  .
U 2347 356 458 .  .  .z s s , 5v f yv f 1  .5  0  02167 068 278 .  .  . v f yv f 1
v 2 fg g yv g013 124 025 .  .  .
U 2346 457 358 .  .  .z s s , 6v f 1 yv  .6  0  02067 178 268 .  .  . v f 1 yv
037 256 148 .  .  . f 1 1
U 136 058 247 f 1 1 .  .  .z s s , 7 .7  0 0 f 1 1046 238 157 .  .  .
038 257 146 .  .  . f 1 f
U 236 158 047 f 1 f .  .  .z s s , 8 .8  0 0 f 1 f056 248 137 .  .  .
zU s 048 : 156 : 237 s 1 : 1 : 1 , 9 .  .  .  .  . .9
zU s 057 : 138 : 246 s 1 : 1 : 1 , 10 .  .  .  .  . .10
zU s 036 : 147 : 258 s f 2 : f : 1 , 11 .  .  .  . .  .11
zU s 012 : 345 : 678 s g 2 : g : 1 . 12 .  .  .  . .  .12
U  .  . 2  .  .Here we mean z s v g 018 q g 126 y v g 027 q v g 234 q1
 . 2  .  .  . 2  . U 2  .g 045 y v g 135 q v 567 q 378 y v 468 , z s g 012 q12
 .  .g 345 q 678 , etc.
 .  .  .Proof. Let w s w 018 q w 126 q w 027 q ??? be an element018 126 027
Äof E with w g R. Theni jk
wx s w 1 n x n x 2 y2 x q w x n x 2 n y2 x .  .018 126
q w 1 n x 2 n xy2 x q ??? .027
s w x n x 2 n v 2 fy2 q w x 2 n f n v 2 x 2 y2 .  .018 126
q w x n f n v 2 x 2 y2 q ??? .027
s v 2 fw 126 y v 2 fw 027 y v 2 fw 018 q ??? . .  .  .018 126 027
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For wx s fw, it must be
fw : fw : fw s yv 2 fw : v 2 fw : yv 2 fw , .  .018 126 027 017 018 126
from which
w : w : w s v : 1 : v 2 . 13 .  .  .018 126 027
By a similar reasoning, we see
w : w : w s w : w : w s v : 1 : yv 2 . 14 .  .  .  .234 045 135 567 378 468
Next, the multiplication by y is
wy s w 018 y q w 234 y q w 567 y q ??? .  .  .018 234 567
s w 1 n x n x 2 y2 y q w x 2 n y n xy y .  .018 234
q w x 2 y n y2 n xy2 y q ??? .567
s w y n xy n gx 2 q w x 2 y n y2 n xy2 .  .018 234
q w xy2 n g n gx q ??? .567
s gw 234 q w 567 q g 2 w 018 q ??? , .  .  .018 234 567
 .  2 .which is equal to gw. Hence gw : gw : gw s g w : gw : w ,018 234 567 567 018 234
i.e.,
w : w : w s g : g : 1 . 15 .  .  .018 234 567
We see by the same reasoning
w : w : w s w : w : w s g : g : 1 . 16 .  .  .  .126 045 378 027 135 468
 .  . U  . U UFrom 13 to 16 , the element z written by 1 satisfies z x s fz and1 1 1
U U U Ä .z y s gz . The other elements z 2 F i F 12 contained in E are proved1 1 i
U Ä 4similarly. From this we see z N 1 F i F 12 is a free R-basis of E.i
Äk Ä .  4  .2.4 Let z N 1 F i F 12 be the R-basis of E s Hom E, R dual toi
 U4  .  4z obtained in Lemma 2.3 and we regard z as the homogeneousi i
Äk 11w x  4coordinates of P E ( P . Similarly, let w N 0 F i - j - k F 8 be theR i jk
3 k  .4  4R-basis of H L dual to ijk and we regard w as the homogeneousi jk
w 3 nx 83coordinates of P nL + P .R
 .LEMMA. V s U j U j U , where U and U resp. U are isomor-3 11 12 11 12 3
3   .phic to a hypersurface of degree 3 in A resp. a 3, 3 -complete intersection inR
4 .A defined as follows:R
 . 3  . 3 3 2 3i U ; A , x , x , x , defined by g s x q fx q f x y12 R 1 2 3 1 2 3
3 fx x x ,1 2 3
 . 3  . 3 3 2 3ii U ; A , y , y , y , defined by f s y q gy y g y q11 R 8 5 3 8 5 3
3gy y y ,8 5 3
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 . 4  .iii U ; A , w , w , w , w , defined by3 R 12 2 5 11
f s w w2 y v w w q w w w y v w w . .2 2 5 11 12 2 5 11 12
s w3 y v w w2 q 1 y v w w w , 1 .  .2 11 12 2 5 12
g s w w w y w2 y v w w w y v w w . .5 2 11 5 11 2 5 11 12
s yw3 q v 2 w2 w q 1 y v w w w , 2 .  .5 11 12 2 5 12
where x s z rz , y s z rz , and w s z rz .i i 12 i i 11 i i 3
It follows from this Lemma that V is a regular scheme and a standard
P 2-bundle over R.
 .  .  .  .  .2.5 Proof of i and ii of Lemma 2.4 . From 2.3.12 , z / 0 implies12
w / 0, so we assume an R-free right ideal I of rank three of L has a678
 4basis a, b, c , where
a a a a a a 1 0 00 1 2 3 4 5a
tb b b b b b 0 1 0s ? 0 , 1 , . . . , 8 . .  .  . .0 1 2 3 4 5b /  0c c c c c c c 0 0 10 1 2 3 4 5
1 .
 U 4Since a n b n c is a linear combination of z N 1 F i F 12 in Lemmai
 .   .  ..  2 .  .2.3 , 567 : 378 : 468 s v : 1 : yv by 2.3.1 . This implies
 .  2 .a : b : c s x : v x : v x . By a similar reasoning, we see3 4 5 1 1 1
x x x x x x 1 0 04 6 5 1 2 3a
2 2 2v fx v x v x v fx v x v x 0 1 0s 5 4 6 3 1 2b /c 2 2 2 0v fx v fx v x v fx v fx v x 0 0 16 5 4 2 3 1
?
t 0 , . . . , 8 . 2 .  .  . .
 .  .  .  ..  .  .In the 3 = 9 -matrix 2 , the ratio 345 : 678 s g : 1 in 2.3.12
implies the equation
x x x1 2 3
fx x xg s . 3 .3 1 2
fx fx x2 3 1
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 .  .Moreover, the ratios from 2.3.4 to 2.3.11 give the following eight
 .  .equations from 4 to 11 , respectively:
x s w sw s x 2 y fx x , 4 .4 078 456 1 2 3
x s w s w s v 2 x 2 y x x , 5 . .5 278 458 2 1 3
x s w s w s v fx 2 y x x , 6 . .6 178 457 3 1 2
x s w s v 2 fx x y v x x , 7 .7 157 3 5 1 6
x s w s v 2 x x y v x x , 8 .8 248 1 5 2 6
x s w s v 2 x x y v fx x , 9 .9 237 1 4 2 5
x s w s v 2 fx x y v x x , 10 .10 246 3 6 1 4
x s w s v 2 x x y v x x . 11 .11 258 2 5 3 6
 .  4Then all x 4 F i F 11 and g are expressed by f , x , x , x . Hencei 1 2 3
 4 3  .V l z / 0 is isomorphic to the hypersurface in A defined by 3 . Next12 R
 4we consider the open set U s V l z s w / 0 . If an R-free right11 11 258
 4ideal I of rank three is generated by a, b, c with
a a 1 a a 0 a a 00 1 3 4 6 7a
tb b 0 b b 1 b b 0s ? 0 , . . . , 8 , .  . .0 1 3 4 6 7b /  0c c c 0 c c 0 c c 10 1 3 4 6 7
 .then we see from Lemma 2.3 ,
y y 1 yv y y 0 v 2 y yy 07 8 6 5 2 3a
2v gy ygy 0 y y 1 yv y y 0sb 2 3 7 8 6 5 /c  02yv gy gy 0 v gy ygy 0 y y 16 5 2 3 7 8
=t 0 , . . . , 8 . 12 .  .  . .
 .  .  ..  .  .In 12 , the ratio 147 : 258 s f : 1 in 2.3.11 gives the equation
y y yy8 5 3
f s 13 .ygy y y3 8 5
gy ygy y5 3 8
 .  4and all y 11 F i F 12, i / 3, 5, 8 and f are expressed by y , y , y :i 3 5 8
y s w sw s y2 q gy y , 14 .7 058 247 8 3 5
y s w r yv 2 s v s y2 q y y , 15 .  .2 568 478 5 3 8
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y s w r yv s w rg s y y y gy2 , 16 .  .6 358 124 5 8 3
y s w s y y y v y y , 17 .1 378 3 7 5 6
y s w s y y q v 2 gy y , 18 .4 456 5 7 2 3
y s w s y y y v 2 gy y , 19 .9 237 7 8 2 5
y s w s y y y v gy y , 20 .10 246 7 8 3 6
y s w s v 2 y y y v y y . 21 .12 678 2 5 3 6
 4  4 11Hence the open set V l z / 0 of V in z / 0 ( A is isomorphic to11 11 R
3  .  .the hypersurface in A , y , y , y defined by 13 .R 8 5 3
 .  .  .  .2.6 Proof of iii of Lemma 2.4 . Since z s w / 0 by 2.3.3 , we3 578
 .assume as in 2.5 an R-free right L-ideal I of rank three of L has a basis
 4a, b, c with
w w w w w 1 w 0 04 6 5 1 2 12a
2s yw yw yw v w yw 0 yv w 1 0b 7 8 11 6 5 2 /c  0w w w yv w w 0 yv w 0 110 7 8 4 6 1
=t 0 , . . . , 8 . 1 .  .  . .
 .  2 .  .  ..  2 2 .From 2.3.1 , 1 : yv s 378 : 468 s w : yv w q w w , so we1 2 5 12
obtain
w s w2 y v w w . 2 .1 2 5 12
Similarly,
w s v w w y v 2 w w , by 178 : 268 s 1 : yv in 2.2.6 , .  .  .  . .6 2 5 11 12
3 .
w s w w y w2 , by 158 : 248 s 1 : 1 in 2.2.8 , .  .  .  . .8 2 11 5
4 .
w s v w w q v 2 w w , by 267 : 078 s v 2 : 1 in 2.2.4 , .  .  .  . .4 8 12 1 5
5 .
w s v w w q w w , by 238 : 157 s 1 : 1 in 2.2.7 , .  .  .  . .7 5 6 1 11
6 .
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w s v w2 q w w , by 057 : 138 s 1 : 1 in 2.2.10 , .  .  .  . .10 6 1 8
7 .
f s v 2 w w q w w , by 467 : 578 s v f : 1 in 2.2.3 .  .  .  . .6 12 1 2
8 .
g s w w y w w , by 245 : 578 s g : 1 in 2.2.3 .  .  .  . .5 8 6 11
9 .
 .Moreover, we see from 2.3.9
w s 048 s w w y w w . 10 .  .9 2 7 4 5
 .Thus all w 1 F i F 12, i / 12, 2, 5, 11 together with f and g arei
 4  . .expressed by w , w , w , w . Lemma 2.4 iii follows from this.12 2 5 11
 .2.7 Proof of V s U j U j U . For this we will show that if z s3 11 12 3
 .  .z s z s 0, then z s 0 for all 1 F i F 12. From 2.5.5 and 2.5.15 ,11 12 i
 .  .  ..z s z s z s 0 implies z s z s 0. From 2.3.4 , 367 : 456 s3 11 12 2 5
 .  .yv : 1 . By the expression 2.6.1 ,
367 : 456 s v w2 y v w w : v w w y v 2 w w , .  . .  .1 4 12 1 5 2 6
2  2 .so v w y v w w s yv v w w y v w w . This means V is contained1 4 12 1 5 2 6
11  .in the quadric in P , z : ??? : z , defined byR 1 12
z 2 y z z s yv z z q v 2 z z .1 4 12 1 5 2 6
Similarly, V is contained in the following quadrics in P11:R
z z q v z 2 s f v 2 z z y v z z .1 10 4 2 8 1 11
from 037 : 256 s f : 1 in 2.3.7 , .  .  .  . .
yz 2 q z z s gz z from 126 : 378 s g : 1 in 2.3.1 , .  .  .  . .8 7 11 1 3
z z y z 2 s fgz z from 016 : 568 s fg : yv 2 in 2.3.2 , .  .  . .  .8 10 7 2 3
z 2 y z z s fz z from 147 : 258 s f : 1 in 2.3.11 . .  .  .  . .6 2 7 3 11
From the above five equations, z s z s z s z s z s 0 implies z s3 11 12 2 5 1
 .  .z s z s z s z s 0. Then, from 2.3.9 and 2.3.10 , we see z s z s 0.4 8 7 6 9 10
 .  .  .2.8 Proof of Proposition 2.2 . Let F resp. G be the left hand side of
 .   ..2.4.1 resp. 2.4.2 . Then
w xS s R w , w , w , w r f y F , g y G, g .12 2 5 11
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y1 .  4is the coordinate ring of the affine open set t D l U s g s 0 ofg 3
y1 .  . . 3 y1 .  4t D . Lemma 2.4 ii shows f s y on the open set t D s g s 0 ,g 8 g
 .  .and f is contained in S by 2.4.1 . This implies the first part of i . We
calculate the kernel of the homomorphism from the polynomial ring of five
variables,
w x w xF : R W , W , W , W , Y ª S y ,12 2 5 11 8
 .  .  .with F W s w i s 12, 2, 5, 11 and F Y s y . Since y s z rz si i 8 8 8 11
 2 .  .  .w rw s w w y w rw by 2.5.4 , ker F contains together with8 11 2 11 5 11
 .F W y f and g
G W s W 3 y v 2W 2W q v y 1 W W W , by 2.4.2 .  .  .5 11 12 2 5 11
G s W W y Y y W 2 . .1 11 2 5
3  .Eliminating W from G W and G , and dividing W ,5 1 11
G s G W q W G rW . .2 5 1 11
s yv 2W W q v y 1 W W q W W y Y .  .11 12 2 5 5 2
s yv 2W W q W vW y Y .11 12 5 2
 .is contained in ker F . Similarly,
G s vW yY G qW G rW s W yY vW yY yv 2W W 4 .  .  .3 2 1 5 2 11 2 2 5 12
 .is contained in ker F . The equations G s G s G s 0 are written by1 2 3
 .2.2.2 with
x s vW , x s W , x s W , x s W , x s 1, y s Y .1 12 2 2 3 5 4 11 5
Ä 4  .By a direct calculation, the subvariety W of D = P defined by 2.2.21 g R R
  ..  .has singularities only along Spec Rr f , g = 1 : 0 : 0 : 0 : 0 , where the
local ring of W is integrally closed. In particular, W is a normal variety.1 1
Ä 11 Ä 4   ..Let p : D = P ??? ª D = P be the projection defined by p p, z sg g
  ..  .p, z : z : z : z : z . Since V s U j U j U by Lemma 2.4 , the3 12 2 5 11 3 11 12
projection p is a morphism on W. Hence p : W ª W is an isomorphism1
 .and Proposition 2.2 is proved.
( )  .2.9 Remark. With the notations of 2.3 , an R-basis of the L-
submodule
E s w g H3L N w ? u s N u w for any u g L* 4 .
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 U  . U U 4consists of z , 1 F i F 8 , z , z , whereÄ Äi 9 10
zU s fzU q fzU q zU , zU s v gzU y v gzU q zU .Ä Ä9 9 10 11 10 9 11 12
 .  .  .  .In fact, substituting 2.5.4 ] 2.5.5 into 2.5.9 ] 2.5.11 , we see
x s v 2 x x 2 y fx x y fx x 2 y x x .  .9 1 1 2 3 2 2 1 3
s v 2 x 3 y fx 3 q 1 y v 2 fx x x , .1 2 1 2 3
x s yv x 3 q fx 3 q v y 1 fx x x , .10 1 2 1 2 3
x s v x 3 y v 2 fx 3 q v 2 y v x x x , .11 2 3 1 2 3
so that x s fx q v 2 g and x s fx y v g because g s x 3 q fx 3 q9 11 10 11 1 2
f 2 x 3 y 3 fx x x . This implies3 1 2 3
z y fz y v 2 gz s z y fz q v gz s 0 1 .9 11 12 10 11 12
Ä k Äk kon V. Let i: E ; E be the inclusion and i : E ª E be its dual. Then
 .  k. 21 means that Ker i is generated by z y fz y v gz and z y9 11 12 10
fz q v gz . Hence11 12
Ä k :E s w g E N z , w s 0 for any z g Ker i . 4
 U  . U U 4is generated over R by the elements z 1 F i F 8 , z , z .Äi 9 10
3. DISCRIMINANT LOCUS OF STANDARD P 2-BUNDLES
 .3.1 In this section we prove the Theorem in the Introduction by
globalizing the results about local structures in Sections 1 and 2.
 .3.2 We fix an integer n G 2 and a primitive nth root z of unity, and
 .  :use the following notations. If we denote by f , g s x, y for twon, R
elements f , g of a commutative ring R with z g R, then it means that
 . 2 i jf , g is the cyclic R-algebra of rank n with R-free basis x yn, R
 . n n  .0 F i, j F n y 1 and relations x s f , y s g, yx s z xy. Let h, l sn, R
 : 2  4u, ¨ be another cyclic R-algebra of rank n and U, V be two elements
 .  :of f , g s x, y .n, R
 .LEMMA. There exists an R-algebra homomorphism f : h, l ªn, R
 .  .  .  . n  . nf , g with f u s U and f ¨ s V if and only if i U s h, ii V s l,n, R
 .and iii VU s z UV.
 .Proof. If there is an R-algebra homomorphism f with f u s U and
 .f ¨ s V, then
a cba b cf u ¨ u s f u f ¨ f u , 1 .  .  .  .  .
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n  n.  .  . nfor integers a, b, c G 0, so that U s f u s f h s hf 1 s h, V s
 n.  .  .  .  .  .  .f ¨ s f l s lf 1 s l, and VU s f ¨u s f z u¨ s zf u f ¨ s
 .  .z UV. Conversely, if the conditions from i to iii hold, then f is extended
 .to an R-algebra homomorphism by 1 .
As a corollary,
COROLLARY. Let a, b, c, d be integers with ad y bc s 1 and n y
.  .1 ab ' n y 1 cd ' 0 mod 2. Then there is an R-algebra isomorphism
 a b c d.  :  .  :  . a bf : f g , f g s u, ¨ ª f , g s x, y with f u s x y andn, R n, R
 . c df ¨ s x y .
 i j.  . i  . j  a b. i c d. j Ni j aiqc j b iqd jProof. Since f u ¨ s f u f ¨ s x y x y s z x y
for an integer N , ad y bc s 1 implies that f is an isomorphism as ani j
 .  .  .R-module. We check the conditions i ] iii of the above Lemma. i
 a b.n N an bn N a b  .x y s z x y s z f g with N s ab q 2 ab q ??? q n y 1 ab s
 .  .  c d.n c dn n y 1 abr2 ' 0 mod n by the assumption. Similarly, ii x y s f g .
 .  .  . c d a b ad aqc bqd  .  . a b c diii f ¨ f u s x y x y s z x y , while f u f ¨ s x y x y s
bc aqc bqd  .  .  .  .z x y , so f ¨ f u s zf u f ¨ by the assumption ad y bc s 1.
1r2  .If z g R and n y 1 ab ' 1 mod 2 in the above Corollary, then an
 . 1r2 a bR-algebra isomorphism f is obtained by defining f u s z x y in-
 . a bstead of f u s x y .
 .3.3 Let X be a normal integral scheme with the function field K. We
w  .xrecall the residue homomorphism 3, Theorem 1.4 3.9 ,
x : Br K ª kUrk U n , 1 .  .[n D D
D
 .where D run through prime divisors of X, Br K is the n-torsion part ofn
 . Uthe Brauer group Br K of the field K, k is the unit group of the residueD
field k of the discrete valuation ring O for each prime divisor D ofD X , D
U U n 1 .X, and k rk ( H k , ZrnZ is the group of ZrnZ-cyclic extensions ofD D D
k . If the similarity class of a central simple algebra over K of order n isD
 .represented by a cyclic algebra A s f , g then the D-componentn, K
 .  .x A of the image x D is defined byD
x A ' f ¨  g .rg ¨  f . mod kU n , 2 .  .D D
 ¨  g . ¨  f .where ¨ is the normalized discrete valuation of O we notice f rgX , D
.is a unit of O . We call the sum of the prime divisors D withX , D
 .  .x A / 1 the discriminant locus of A on X and denote it by D A, X .D
 .  .3.4 We define from a cyclic algebra f , g over the field K a cyclicn, K
 .  .O -order L as follows. Write the principal divisors f and g on X byX X X
f s A q nB, g s C q nD , 1 .  .  .X X
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where A and C are effective divisors of X with their coefficients less than
 4n. Let U be an affine open covering of X such that b : O (i ig I i Ui
 . <   . < .O yB ; K resp. d : O ( O yD ; K are trivializations of theU UX i U Xi ii
 .   ..  .  . n nline bundle O yB resp. O yD on U i g I . From 1 , b f and d gX X i i i
 n n .are regular functions on U , so we put the O -order L s b f , d g si U i i i n, Ui i
 :   ..x , y cf. 3.2 . Since b rb and d rd are units on U l U , L is gluedi i j i j i i j i
 .  .to L by x s b rb x and y s d rd y , hence there is an O -order Lj i j i j i j j j X
 . <  .in f , g with an isomorphism L ( L i g I . We denote this O -Un, K i Xi
order by
L s f , g mod n on X . 2 .  .n , K
 .  .If A s C s 0, then O B and O D are n-torsion line bundles on XX X
 .   .  ..and 2 is the Azumaya O -algebra which is the image of O B , O DX X X
2  . 2 .under the cup product H Pic X ª H X, G , son et m , X
ny1
L ( O iB q jD . .[ X
i , js0
 .3.5 From now on, we consider the case n s 3. Suppose X is a smooth
 .projective variety and an O -order L in A s f , g satisfies the follow-X 3, K
 .ing property at any point p g X. Let R, M be the local ring of X at p.
 .Then L m R is isomorphic to f , g for f , g g R with one of thep p 3, R p p
following conditions:
 .  .1 f , g g R* the unit group of R ,p p
 . 2 22 f g R*, g g M y M , or f g M y M , g g R*,p p p p
 . 23 f , g g M , and f , g mod M are linearly independent overp p p p
 .the residue field k p of p.
Then, by the results in Sections 1 and 2, we construct from this O -orderX
L in A, a smooth variety V with a proper flat morphism t : V ª X such0 0 0
that
 . 24 the generic fibre is isomorphic to the K-form of P associated
to A,
 .5 the degenerate locus D of the fibre space t : V ª X is equal to0 0 0
 .  .the set of points satisfying 2 or 3 .
 .  .The condition 3 implies that i D is a reduced normal crossing divisor0
 .of X with multiplicity less than three at any point of D , and ii for the0
generic point of each irreducible component D of D , L m O (0 X , D
 . Uf , g with an element f g O and a generator g of theD D 3, O D X , D DX , D
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maximal ideal M of the discrete valuation ring O . It follows from thisD X , D
 . y1 .and from Lemma 1.5 that t D is irreducible if and only if f mod M0 D D
 . 3  .   ..is not contained in k D * , i.e., D ; D A, X cf. 3.3 .
LEMMA. Let D be an irreducible component of D on which there is a0
 . y1 .point p g D satisfying 3 . Then t D is irreducible.0
 .Proof. In the condition 3 , assume g is a defining equation of D atp 0
 .p. The image of the residue homomorphism 3.3.1 at D is equal to
x f , g ' f mod k D *3, . . .D p p p3, K
 . 3  4which is not equal to 1 mod k D * , since f , g is a part of the regularp p
system of parameters of the regular local ring O . This means D ;X , p
y1 .D A, X , i.e., t D is irreducible.
y1 .From the above Lemma, if there is a prime divisor D of X with t D0
reducible, then D is a regular subscheme and disjoint from the closure of
 . y1 .D y D. Lemma 1.5 implies that any two components of t D are0 0
contracted to obtain a regular scheme. So t factors through a birational0
morphism s : V ª V with a standard P 2-bundle t : V ª X associated to0 1 1 1
 .f , g . Thus, the rest of this section is devoted to construct from the3, K
 .  .  .cyclic algebra f , g an O -order satisfying the above conition 1 , 2 ,3, K X
 .or 3 .
 .3.6 As we said in the Introduction, we assume that there exists an
irreducible regular scheme X with the function field isomorphic to K
 .satisfying the following condition 2 . Write the principal divisors of f and
g by
f ' A y A , g ' B y B , mod 3 Div X , 1 .  .  .  .X X1 2 1 2
 .with reduced effective divisors A , B of X i s 1, 2 . Theni i
the reduced divisor A q A q B q B is a simple normal .1 2 1 2 r ed
crossing divisor of X , i.e., for any positive integer
r
r F dim X , the intersection D is a regular closed subscheme . F i
is1
of codimension r in X for any distinct irreducible components
D of A q A q B q B 1 F i F r . 2 .  .i 1 2 1 2
PROPOSITION. There exists an irreducible regular scheme obtained by
blowing up X such that
A l A and B l B are empty, 3 .1 2 1 2
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D l D l D is empty for any three irreducible componentsi j k
D , D , D of A q A q B q B . 4 .i j k 1 2 1 2
 .If 4 holds, then we say
mult F 3 for the divisor A q A q B q B .1 2 1 2
For the proof of the Proposition, we use the following simple Lemma for
k s 2 and 3.
LEMMA. Let Y be a regular scheme and H s H q ??? qH be a reduced1 k
 .simple normal crossing di¨ isor with k G 2 prime di¨ isors H of Y 1 F i F k .i
ÄAssume H l ??? l H is non-empty. Let H be the proper transform of H1 k i i
Ä Äunder the blow up Y of Y along H l ??? l H . Then Y is a regular scheme1 k
Ä Ä Äand H l ??? l H is empty in Y.i k
 .  .Proof of Proposition. The proof is divided into four steps i ] iv .
 .i If there are prime divisors D ; A and D ; A with D l D1 1 2 2 1 2
non-empty, then blow up along D l D ; s : X ª X. By the above1 2 1 1
Lemma for k s 2, DX l DX s B for the proper transform DX of D1 2 i i
 .i s 1, 2 and the exceptional divisor is not contained in the support of
 .  .  .f mod 3 Div X . Repeating this process, we may assume 2 andX 11
A l A is empty. Similarly, if there are prime divisors D ; B and1 2 1 1
D ; B with D l D non-empty, then blow up along D l D . With the2 2 1 2 1 2
same notation as above, DX l DX is empty and the exceptional divisor is1 2
 .  .  .contained in neither Supp f nor Supp g mod 3 Div X . Hence weX X 11 1
 .  .may assume 2 and 3 .
 .ii If there are three prime divisors D , D , D ; A with D l D l1 2 3 1 1 2
D non-empty, then blow up along D l D l D ; s : X ª X. Then the3 1 2 3 1
 .  . Xexceptional divisor is not contained in Supp f mod 3 Div X , and D lX 1 1
X X X  .D l D is empty for the proper transform D of D i s 1, 2, 3 by the2 3 i i
 .Lemma for k s 3. Applying the same kind of blow up, we may assume 2 ,
 .3 , and mult F 3 for A q A .1 2
 . niii Let B s  D be the irreducible decomposition and we want to1 is1 i
show mult F 3 for B after some blow ups of X. We will prove this by the1
 .  .induction on the number of triples ijk 1 F i - j - k F n with D li
D l D non-empty. Assume D l D l D is non-empty. We must con-j k 1 2 3
sider the following three cases.
 .iii-1 No D , D , D are contained in A q A ,1 2 3 1 2
 .iii-2 D ; A , while neither D nor D is contained in A ,1 1 2 3 1
 .iii-3 D , D ; A and D is not contained in A .2 3 1 1 1
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 . X Xiii-1 Blow up along D l D l D ; s : X ª X. Then D l D l1 2 3 1 1 2
X X  .D s B for the proper transforms D of D i s 1, 2, 3 by the Lemma for3 i i
 .k s 3 and the exceptional divisor is contained in neither Supp f norX1
 .  .Supp g mod 3 Div X .X 11
 .iii-2 We must blow up four times
s s s s4 3 2 16 6 6 6X X X X X , 5 .4 3 2 1
 .with the exceptional divisor E 1 F j F 4 . We denote the proper trans-j
 j.  .form of D on X by D i s 1, 2, 3; 1 F j F 4 and that of E on X byi j i j k
k .  .E 1 F j F k F 4 .j
 .a s : X ª X with center D l D ,1 1 2 3
 . 1.b s : X ª X with center D l E ,2 2 1 2 1
 . 2. 2.c s : X ª X with center D l E ,3 3 2 3 1
 . 3. 3.d s : X ª X with center D l E .4 4 3 1 1
 .The principal divisors of f and g mod 3 Div X in a neighborhood ofj
D l D l D are easily calculated:1 2 3
f ' D j. q ??? on X for j s 1, 2, 3, . 1 j
' D4. q E q ??? on X ,1 4 4
g ' D q D q D q ??? on X , . 1 2 3
' D j. q D j. q D j. q ??? y E j. q ??? on X for 1 F j F 4. .  .1 2 3 1 j
 . 3. 3.  . 3. 3.  .Let f ' A y A and g ' B y B mod 3 Div X defined asX 1 2 X 1 2 33 3
 . 3. 3. 3. 3.in 1 . Then A q A q B q B is a simple normal crossing divisor1 2 1 2
on X , both A3. l A3. and B3. l B3. are empty, and mult F 3 for3 1 2 1 2
A3. q A3.. Moreover, B3. s n D3. with D3. l D3. l D3. empty and1 2 1 is1 i 1 2 3
E3. is isolated in B3., i.e., E3. is disjoint from the closure of B3. y E3..1 2 1 2 1
 .  .  .iii-3 This case is proved by the same blow ups 5 in iii-2 . With the
 .same notation as in iii-2 ,
f ' D q D q ??? on X , . 2 3
' D j. q D j. q ??? y E j. q ??? on X for j s 1, 2, 3, .  .2 3 1 j
' D4. q D4. q ??? y E4. q E q ??? on X , .  .2 3 1 4 4
g ' D q D q D q ??? on X , . 1 2 3
' D j. q D j. q D j. q ??? y E j. q ??? on X for 1 F j F 4. .  .1 2 3 1 j
 .Then the same conclusion holds as in the case iii-2 .
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 .  .  .  .From iii-1 to iii-3 , we may assume 2 , 3 , and mult F 3 for G with G
equal to A q A and B q B .1 2 1 2
 .  .iv Let D ; A q A q B q B i s 1, 2, 3 be the three irreduciblei 1 2 1 2
components with D l D l D non-empty. We may assume D ; A q Bi j k i 1 1
 .  .  .i s 1, 2, 3 by 3 , hence D is contained in A or B i s 1, 2, 3 . Fromi 1 1
 .  .  .iii , we assume some D resp. D is not contained in A resp. B .i j 1 1
Therefore, it is sufficient to consider the following two cases according to
A l B containing some D or not.1 1 i
 .  .iv-1 D ; A ; D , D o A and D o B hence D , D ; B ,1 1 2 3 1 1 1 2 3 1
 .iv-2 D , D ; A ; D o A ; D , D ; B and D o B .1 2 1 3 1 1 3 1 2 1
 .iv-1 First blow up along D l D with the exceptional divisor E , and2 3 1
next blow up along the disjoint centers DX l E and DX l E with the2 1 3 1
X  . Y Y Yproper transform D of D i s 2, 3 . Then D l D l D is empty for thei i 1 2 3
Y X  .proper transform D of D i s 1, 2, 3 .i i
 .iv-2 In this case we must blow up X five times
s s s s s5 4 3 2 16 6 6 6 6X X X X X X ,5 4 3 2 1
 .with the exceptional divisor E 1 F i F 5 . We denote the proper trans-i
 j.  .form of D on X by D i s 1, 2, 3; 1 F j F 5 and that of E on X byi j i j k
k .  .E 1 F j F k F 5 .j
 .a s : X ª X with center D l D l D ,1 1 0 1 2 3
 . 1. 1.b s : X ª X with center D l D l E ,2 2 1 2 3 1
 . 2. 2.c s : X ª X with center D l E ,3 3 2 1 1
 . 3. 3.d s : X ª X with center D l E ,4 4 3 2 1
 . 4. 4.e s : X ª X with center D l E .5 5 4 3 1
 .The principal divisors of f and g mod 3 Div X in a neighborhood of5
D l D l D are written by1 2 3
f ' D q D q ??? on X , . 1 2
' D j. q D j. q ??? y E j. q ??? on X for 1 F j F 4, .  .1 2 1 j
' D j. q D j. q ??? y E j. q E q ??? on X , .  .1 2 1 5 5
g ' D q D q ??? on X , . 1 3
' D j. q D j. q ??? y E j. q ??? on X for 1 F j F 3, .  .1 3 1 j
' D j. q D j. q ??? y E j. q E j. q ??? on X for j s 4, 5. .  .1 3 1 4 j
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 .  .From this, the properties 2 , 3 , and mult F 3 for G, with G equal to
A q A and B q B , are preserved and D5. l D5. l D5. is empty on1 2 1 2 1 2 3
 .X . Thus, by the induction on the number of ijk of three irreducible5
components D , D , D of A q A q B q B with D l D l D non-i j k 1 2 1 2 i j k
 .  .  .empty, we find an irreducible regular scheme satisfying 2 , 3 , 4 by
blowing up X.
 .  .3.7 We assume A , A , B , B g Div X satisfy the conditions from1 2 1 2
 .  .3.6.1 to 3.6.4 . Let
C s the sum of the common divisors of A and B ,1 1 1
C s the sum of the common divisors of A and B ,2 2 1
C s the sum of the common divisors of A and B ,3 2 2
C s the sum of the common divisors of A and B ,4 1 2
and put
A s C q C q AX , B s C q C q BX ,1 1 4 1 1 1 2 1
A s C q C q AX , B s C q C q BX .2 2 3 2 2 3 4 2
 .  .  .Thus f , g mod 3 Div X are written byX X
f ' A y A s C q C q AX y C q C q AX mod 3 Div X , .  .  .  .X 1 2 1 4 1 2 3 2
g ' B y B s C q C q BX y C q C q BX mod 3 Div X . .  .  .  .X 1 2 1 2 1 3 4 2
1 .
Now we separate some two irreducible components of A q A q B q1 2 1
. X X X XB s C q C q C q C q A q A q B q B . Let D , D be two2 r ed 1 2 3 4 1 2 1 2 1 2
irreducible components of C with D l D non-empty. We apply blow1 1 2
ups twice,
s s1 06 6X X X ,2 1
where s is the blow up along D l D and the exceptional divisor E ,0 1 2 0
and s is the blow up along the disjoint union of DX l E and DX l E1 1 0 2 0
X  . Y Yfor the proper transform D of D i s 1, 2 . Then D l D is empty oni i 1 2
X for the proper transform DY of DX. We apply the same kind of blow2 i i
ups if both of D and D are contained in G with G equal to C1 2 i
 . X X  .i s 2, 3, 4 or A or B j s 1, 2 and if D l D is non-empty. Then Aj j 1 2 i
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 .  .  .and B in 1 satisfy together with 3.6.1 to 3.6.4 the conditioni
If D and D are two irreducible components of A resp. B .1 2 i i
with D l D non-empty, then one of them is contained in1 2
AX resp. BX and the other is in some C . 2 .  .i i j
 .  .3.8 In this paragraph we construct an auxiliary O -order L in f , g .X 3, K
 .Since A l A and B l B are empty 3.6.3 , X is covered by the1 2 1 2
 .following four open sets U 1 F i F 4 :i
U s X y A q B , U s X y A q B , .  .1 2 2 2 1 2
U s X y A q B , U s X y A q B . .  .3 1 1 4 2 1
 .With the notation in 3.4.2 , we define an order L over U byi i
L s f , g mod 3 on U , L s g , 1rf mod 3 on U , .  .3, K 3, K1 1 2 2
L s 1rf , 1rg mod 3 on U , L s 1rg , f mod 3 on U . .  .3, K 3, K3 3 4 4
LEMMA. The O -orders L defined abo¨e are patched together to form aU ii
<  .locally free O -order L with an isomorphism L ( L 1 F i F 4 , whichUX ii
 .  .satisfies 3.5.1 ] 3.5.3 outside C j C j C j C .1 2 3 4
 .  .Proof. By 3.4 , we assume from the beginning, equalities in 3.7.1 , i.e.,
 .  .  .f s A y A and g s B y B in Div X . With the notation inX 1 2 X 1 2
 .3.2 , we denote by
 :  :L s f , g s x , y , L s g , 1rf s x , y , .  .3, U 3, U1 1 1 2 2 21 2
 :  :L s 1rf , 1rg s x , y , L s 1rg , f s x , y . .  .3, U 3, U3 3 3 4 4 43 4
 .From Corollary 3.2 , there are algebra isomorphisms f : L ª L oni i 1
 .U l U 1 F i F 4 with f s identity and1 i 1
f x s y , f x s x 2rf , f x s y2rg , .  .  .2 2 1 3 3 1 4 4 1
f y s x 2rf , f y s y2rg , f y s x . .  .  .2 2 1 3 3 1 4 4 1
Then fy1 (f extends to an isomorphism u : L ª L on U l U forj k jk k j j k
any 1 F j, k F 4:
f fy1k k6 6
u : L L L .jk k 1 i
<Since u s u (u , there exists a locally free O -order L with L ( LUik i j jk X ii
 .  .  .  .1 F i F 4 . The latter statement follows from 3.6.2 ] 3.6.4 and 3.7.2 .
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 .3.9 The stalk of L over the points of C j C j C j C is described1 2 3 4
as follows. Let p be a point of an irreducible component D of C and1 1
u s 0 be the defining equation of D at p. If p is contained in neither AX1 1
X  .nor B , then p is a smooth point of A by 3.7.2 , so the stalk of L at p is1 1
isomorphic to
L m O ( « u , « u , 1 .  .3, OX , p 1 2 X , p
with units « , « g OU because C is contained in A l B . Suppose p is1 2 X , p 1 1 1
contained in an irreducible component D of AX or BX and ¨ s 0 is the2 1 1
defining equation of D at p. Then L m O is isomorphic to2 X , p
L m O ( « u¨ , « u , 2 .  .3, OX , p 1 2 X , p
U  .for units « , « g O . The stalk of L at a point of other C i s 2, 3, 41 2 X , p i
 .  .has the same kinds of expressions as in 1 and 2 . We will construct an
Ä  .  .overorder L of L satisfying 3.5.1 ] 3.5.3 over the points C j C j1 2
ÄC j C and L ( L outside C j ??? j C . First consider over U s X y3 4 1 4 1
 . X X  .A q B . Since A l C l B is empty by 3.6.4 , U is covered by three2 2 1 1 1 1
 .open sets U j s 1, 2, 3 :1 j
U s X y A q B q C , U s X y A q B q AX , .  .11 2 2 1 12 2 2 1
U s X y A q B q BX , .13 2 2 1
 .We define orders L over each U j s 1, 2, 3 by1 j 1 j
L sL s f , g mod 3 on U , . 3, UU11 1 111111
L s f , frg mod 3 on U , . 3, U12 1212
L s frg , g mod 3 on U . . 3, U13 1313
LEMMA. The orders L o¨er U defined abo¨e are patched together to1 j 1 j
Ä Äform a locally free order L o¨er U with an isomorphism L ( L on1 1 1 1
 .  .  .U s X y A q B q C and satisfying 3.5.2 or 3.5.3 o¨er the point11 2 2 1
of C .1
 .Proof. This is proved by the same way as Lemma 3.8 . Namely, from
 .  .  . X3.4 , we may assume equality in 3.7.1 on U , i.e., f s C q A and1 U 1 11
 . Xg s C q B . If we denote byU 1 11
 :  :L s f , g s x , y , L s f , frg s x , y , .  .3, U 3, U11 11 11 12 12 1211 12
 :L s frg , g s x , y , . 3, U13 13 1313
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 .then Corollary 3.2 implies that there are algebra isomorphisms
 .f : L ª L on U l U 1 F i F 3 with f s identity and1 j 1 j 11 11 1 j 11
f x s x , f x s x y2 rg , .  .12 12 11 13 13 11 12
3 .
f y s x 2 y rf , f y s y . .  .12 12 11 11 13 13 11
Then fy1 (f extends to an isomorphism u : L ª L on U l12 13 12, 13 13 12 12
 X X .U s X y A q B q A q B . Denoting by u s f and u s13 2 2 1 1 11, 13 13 11, 12
f , we have u s f s f (fy1 (f s u (u on U l12 11, 13 13 12 12 13 11, 12 12, 13 11
U l U . The first part of Lemma is proved from this. The latter part12 13
follows from the expressions of L and L .12 13
Ä .  .3.10 Similarly, we define overorders L of L over U i s 2, 3, 4 byi i i
ÄL sL s g , 1rf mod 3 on U s X y A q B q C , .  .3, UU U2 2 21 1 2 22121 21
XÄL s fg , 1rf mod 3 on U s X y A q B q A , .  .3, UU2 22 1 2 22222
XÄL s g , 1rfg mod 3 on U s X y A q B q B , .  .3, UU2 23 1 2 12323
ÄL sL s 1rf , 1rg mod 3 on U s X y A q B q C , .  .3, UU U3 3 31 1 1 33131 31
XÄL s 1rf , frg mod 3 on U s X y A q B q A , .  .3, UU3 32 1 1 23232
XÄL s grf , 1rg mod 3 on U s X y A q B q B , .  .3, UU3 33 1 1 13333
ÄL sL s 1rg , f mod 3 on U s X y A q B q C , .  .3, UU U4 4 41 2 1 44141 41
XÄL s 1rfg , f mod 3 on U s X y A q B q A , .  .3, UU4 42 2 1 14242
XÄL s 1rg , fg mod 3 on U s X y A q B q B . .  .3, UU4 43 1 1 24343
Ä <  :  .  .Let L s x , y 1 F i F 4, 1 F j F 3 . From Corollary 3.2 , thereUi i j i ji j
Ä Äare algebra isomorphisms f : L ª L on U l U with f s f11, i j i 1 11 i j 11, 1 j 1 j
 .  .j s 1, 2, 3 in 3 and
f x s y , f x s x y , f x s y , .  .  .11 , 12 21 11 11, 22 22 11 11 11, 23 23 11
f y s x 2 rf , f y s x 2 rf , f y s x 2 y2 rfg , .  .  .11 , 21 21 11 11, 22 22 11 11, 23 23 11 11
f x s x 2 rf , f x s x 2 rf , f x s x 2 y rf , .  .  .11 , 31 31 11 11, 32 32 11 11, 33 33 11 11
f y s y2 rg , f y s x y2 rg , f y s y2 rg , .  .  .11 , 31 31 11 11, 32 32 11 11 11, 33 33 11
f x s y2 rg , f x s x 2 y2 rfg , f x s y2 rg , .  .  .11 , 41 41 11 11, 42 42 11 11 11, 43 43 11
f y s x , f y s x , f y s x y . .  .  .11 , 41 41 11 11, 42 42 11 11, 43 43 11 11
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Ä .  .  .As in Lemma 3.9 , the O -order L satisfies 3.5.2 or 3.5.3 over theU iiÄ y1 .points of C and L ( L on U y C i s 2, 3, 4 . Moreover, f (fi i i i i 11, i j 11, k l
Ä Ä extends to an isomorphism u : L ª L on U l U 1 F i, k F 4,i j, k l k i i j k l
.1 F j, l F 3 :
fy1f 11, i j11, k l 6 6Ä Ä Äu : L L L .i j , k l k 1 i
Ä  .Therefore the overorders L of L over U 1 F i F 4 are patchedi i i
Ä Ätogether to form a locally free order L over X with L ( L on Ui i
Ä .  .  .  .1 F i F 4 . Since L satisfies 3.5.1 ] 3.5.3 , Proposition 3.1 , hence the
Theorem in the Introduction, is proved.
4. ELEMENTARY TRANSFORMATIONS OF P 2-BUNDLES
 .4.1 In this section, we consider birational maps over an irreducible
regular scheme X between standard P 2-bundles associated to a central
simple algebra A of rank 9 over the function field K of X. We assume the
 .discriminant locus D A, X is a simple normal crossing divisor such that
any three irreducible components do not intersect. Further, we assume
that any locally free maximal O -order L satisfies the following conditionX
Ä . 1 where R is the strict henselization of the local ring of X at a point
.p g X :
¡ ÄM R if p g X y D A , X , . .3~ 1 .Ä 1, g if p g D A , X y D D l D , .  .L m R (  .Ä3, R i/ j i j¢ f , g if p g D l D i / j . .  .Ä3, R i j
 4  . Here the D are irreducible components of D A, X and g s 0 resp.i
.  .f s g s 0 is the defining equation of D A, X at the point p in the
 .second resp. the third case.
 .  .4.2 With the notation of 4.1 , we will prove the following Proposition,
PROPOSITION. Let L and L9 be locally free maximal O orders in A andX
 .R be the local ring of X at a point p g X. Under the assumption 4.1.1 , the
two R-orders L s L m R and LX s L9 m R are isomorphic to each other.p p
In the case R is a regular local ring of dimension two, the Proposition is
w .x  .proved in 1, Theorem 1.2 without the assumption 4.1.1 . The corre-
sponding statement holds for maximal orders in a quarternion algebra
because a symmetric matrix of degree three is diagonalized.
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 .   ..Proof of the Proposition. We denote by Aut L resp. Int L the etale
 .sheaf on X of automorphism resp. inner automorphism group of L. We
use the same symbol for the restriction to the Zariski topology. We prove
the Proposition in the case p is a smooth point of D since the other cases
are proved in the same line below. Let L be the R-order equal to the0
Ä .right hand side of 4.1.1 replacing R by R. Then the isomorphism in
 . X X4.1.1 means that L and L are forms of L over R , i.e., D , L gp p 0 et p p
1   .. 1   .. 1  . .H Aut L . Let h: H Aut L ª H Zr3Z be the map inducedet 0 et 0 et D
 .  .  .from the exact sequence 1 ª Int L ª Aut L ª Zr3Z ª 1 in R .0 0 D et
We will show the diagram
h1 16H Aut L H Zr3Z .  . . . Det 0 et
6 6
imK 1 .
x1 16H Aut A H k D , Zr3Z .  . . . [et et
D
 .is commutative, where x is the residue homomorphism defined in 3.3.1
 .and i is the inclusion to the component of D. In fact, let V ª Spec R
Ä 2 . resp. f : D ª D be the P -bundle resp. the cyclic cover of D of degree
. 1   ..  .three associated to L g H Aut L . For the commutativity of 1 , wep et 0
1 Ä .  .have to show h L is mapped to zero in H D, Zr3Z . For this, we willp et
 .show that h L comes from an element of the Cech cohomology setp
Ï1 Ä .H DrD, Zr3Z . Let j be a 1-cocycle defining L relative to an etalep
 .  .  .  .cover f : Spec S ª Spec R with value Aut L . Put t : V = S ª Spec S0 S R
y1 .  . y1 .and D s f D ; Spec S . Then t D ª D is obtained fromS
y1 . y1 .t D s t D = D ª D by the descent dataS S D S S
Ï1<j g H D rD , Aut L . . .D S 0
g fy1 6 6Ä . <Since t D is reducible, f : D ª D must factor by D D D,DS S S SS
Ï1 Ä<   ..so that j s g*h for an element h g H DrD, Aut L . Thus we obtainD 0
a commutative diagram
g*
1 1 16 6Ï Ï Ï ÄH SrR , Aut L H D rD , Aut L H DrD , Aut L .  .  . .  .  .0 S 0 0
6 6
h1 1 16 6 ÄH R , Aut L H D , Zr3Z H D , Zr3Z . . . .  .et 0 et e t
 . 1  .Therefore h L g H D, Zr3Z is represented by the image of theet
Ï1 Ä  ..  .1-cocycle h g H DrD, Aut L , hence h L is mapped to zero in0
1 Ä .H D, Zr3Z . We continue the proof of the Proposition. Since L m K (et p
L
X m K ( A, L and LX define the same cyclic cover of D of degreep p p
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three, so that L and LX are contained in the same fibre of h.p p
X 1   .. UHence L g H Int L . From the exact sequence 1 ª G ª L ªp et p m , R p
 .Int L ª 1 in R , we obtainp et
Int dU1 1 26 6H L H Int L H G , . .  . .et p et p et m , R
1  U . 1  U .where H L s H L s 0 by Hilbert's Theorem 90, so that d iset p z ar p
X 1   .. Xinjective. Then L s L in H Int L because L m K ( L m K ( Ap p et p p p
mK2 26 .  .  .  .and H G H G s Br K is injective since R is regular .et m , R et m , K
From the above Proposition,
COROLLARY. L9 is locally isomorphic to L in Zariski topology, that is,
 4 y1 there are a Zaraski open co¨er U of X and a g A* with a a g G U li i i j i
. y1U , L* and L9 s a La on U .j i i i
1   ..Proof. The above Proposition implies L9 g H Aut L . The co-Z ar
 .  .kernel T of Int L ª Aut L is a 3-torsion sheaf with support on D, so
1 1 .   ..H T s 0 and L9 g H Int L .z ar z ar
 .  .4.3 From the exact sequences 1 ª K* ª A* ª Aut A ª 1 and 1 ª
U  .O ª L* ª Int L ª 1, we obtain the commutative diagramX 6 6
K* A* Aut A .
6 6 6
Int0 06 6Div X H A*rL* H Aut A rInt L .  .  .  . .z ar 1 .
6 6 6
d
1 16 6Pic X H L* H Int L , .  .  . .z ar
where the first column acts on the second column and the third column is
their orbit spaces, respectively. Let V be a standard P 2-bundle over X
 .constructed from L. Then Aut A , the automorphism group of the K-
algebra A, is isomorphic to the automorphism group of the K-form
V = K of P 2, which is isomorphic to the group of birational self maps ofX
V over X. Locally free maximal O -orders in A correspond bijectively toX
standard P 2-bundles over X which are birational to V over X, so that
 . 1   .. 2Corollary 4.2 implies H Int L is the set of standard P -bundles overz ar
0  .  ..X associated to A. Therefore H Aut A r Int L represents the set
V 9, f N V 9 is a standard P 2-bundle over X associated to A ,  .
f : V ª V 9 is a birational map .4
 .  4  4 0 .4.4 For a Zaraski open cover U of X, let x s x g H A*rL*i i
y1  .with x g A* and x x g G U l U , L* . Then the maximal order L9i i j i j
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 . 1   ..corresponding to d (Int x g H Int L is the conjugation of L by x;z ar
L9 s xL xy1. Let V 9 be the standard P 2-bundle over X associated to L9.
 .We explain the birational map f : V ??? ª V 9 defined from Int x g
0  .  ..  . 0 .H Aut A r Int A . By the action of Pic X on H A*rL* , we modify
0 .x g H A*rL* to satisfy
x g G U , L for any i , so xL is a right ideal of L , 1 .  .i i
If xL ; xL m M ; L for a line bundle M g Pic X , then M ( O . . X
2 .
0 .Such a normalized element of H A*rL* is uniquely determined by x
 .  .and we assume x satisfies 1 and 2 in what follows. Let
Z s N x s 0 4 .
 .be the effective Cartier divisor of X defined by the norm N x s 0 on U .i i
 .  .From the inclusion u: L m O yZ s N x L ; xL, we obtainX
H3 ukk3 3 k60 ª H xL m O Z H L ª F ª 0, 3 .  . .X
 .k 3 kwhere means the O -dual and F has support on Z and H u / 0 atX
 .each generic point of Z by the condition 2 . Similarly, from the inclusion
 .  .¨ : L9 m O yZ s L N x ; L9x, we obtainX
H3 ¨ kk3 3 k60 ª H L9x m O Z H L9 ª F 9 ª 0, 4 .  . .X
 .  X.with Supp F 9 s Z. Let V resp. V be the proper transform of V ;0 0
w 3 kx  w 3 kx.  .P H L resp. V 9 ; P H L9 under the elementary transformation 3
  ..  y1 .resp. 4 . From L9x s xL x x s xL, we see
V s V X .0 0
Thus the birational map f : V ??? ª V 9 is induced by the twice elementary
w xtransformations of vector bundles. In the case V s P E with a rank 3
bundle E on X, this is an ordinary elementary transformation of vector
bundles.
 . w x ny14.5 Lastly, we generalize the example in 3 to P -bundles for any
n G 3, that is, we construct a standard P ny1-bundle t : V ª X over a
 .rational surface X over an algebraically closed field k of char k not
dividing n such that
 .i the discriminant locus is a disjoint union of two irreducible
curves,
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 . 2ii there is a dominant rational map f : P ??? ª X such that
V = P 2 is a rational variety.f
 .From i , there is a non-trivial n-torsion element in the unramified
  . .  w  .x.Brauer group Br k V rk cf. 4, Proposition 4.2.3 of the functionnr
 .  .   ..field k V of V, i.e., the residue x j cf. 3.3.1 vanishes for a non-trivial
  ..element j g Br k V . This implies V is not a rational variety over k.
 .  .Combining this with ii , we see V is an n q 1 -dimensional unirational,
but nonrational variety.
 . 24.6 We fix an integer n G 3. Let P be the projective plane with the
 4  .  .coordinate lines l s x s 0 i s 0, 1, 2 , and C j s 0, 1 be a smoothi i j
 .plane curve of degree n with the properties i C and C are totally0 1
tangent to the lines l and l , i.e., C ? l s nP , C ? l s nP , C ? l s nP ,0 1 0 0 0 0 1 1 1 0 2
2  .  .C ? l s nP with different four points P of P 0 F i F 3 ; ii C and C1 1 3 i 0 1
intersect transversely. We see easily the existence of such curves C and0
 4  .  .  2 .C . Let C s F s 0 j s 0, 1 and A s f , g with K s k P and1 j j n, K
f s F rF , g s x rx . To construct a standard P ny1-bundle V associated1 0 1 0
to A, we find a birational morphims s : X ª P 2 such that the principal
 .  .  . X X  . Xdivisors f and g on X satisfy f ' C y C , g ' l yX X X 1 0 X 1
X  . Xl mod n Div X with the proper transform C and l9 of C and l ,0 i i i
 . X X X Xrespectively i s 0, 1 , and any two divisors among C , C , l , and l do not0 1 0 1
 .intersect. Then, with the notation of 3.4.2 , we construct an O -orderX
 . ny1L s f , g mod n on X to obtain a P -bundle t : W ª X with then, K 1
X X X X  .degenerate locus C q C q l q l . By use of 3.3.2 , we see the discrimi-0 1 0 1
 2 .  . X Xnant locus D A, P s C q C , from which D A, X s C q C . Hence0 1 0 1
y1 .  .  .t l is reducible and consists of n components i s 0, 1 . Lemma 1.51 i
 .implies that any n y 1 components of them are blown down to obtain a
smooth projective variety V and a morphism t : V ª X with discriminant
locus equal to the disjoint union of CX and CX . The birational morphism0 1
s : X ª P 2 with the properties stated above is obtained by blowing up at
 .four points P 0 F i F 3 , including infinite near points, to separate Ci 0
and C from l and l , and the intersection points of C with C , and l1 0 1 0 1 0
with l , respectively.1
 .  .  n .4.7 With the notation as in 4.6 , let B s F rx , x rx be the1 0 1 0 n, K
 2 .  .cyclic algebra over K s k P . Then B m k V represents the non-trivialK
  . .n torsion element of the unramified Brauer group Br k V rk . Thenr
 .1r n.  .1r n .cyclic extension field K x rx s k x rx , x rx over K s1 0 1 0 2 0
 .  .k x rx , x rx of degree n splits A s F rF , x rx , so we have a1 0 2 0 1 0 1 0 n, K
2  . .rational map f: P ??? ª X with the property stated in 4.5 ii . It is
 w x.  .known cf. 6, Sect. 4 that the function field k V of V is isomorphic
 .  ny1 .to K y , . . . , y with the relation N y q a y q ??? qa y s f ,0 ny1 0 1 ny1
1r n  .where a s g and N is the norm of the cyclic extension field K a
n over K of degree n. Since a s g, the polynomial N y q a y q0 1
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ny1 .??? qa y is expressed explicitly by the following cyclic determinantny1
 .where z is a primitive nth root of unity :
ny1
2 ny1i i iy q y z a q y z a q ??? qy z a .  .  .  50 1 2 ny1
is0
ny1y y a ??? y a0 1 ny1
ny1 ny2y a y ??? y any1 0 ny2s . . . .. . . .. . . .
ny1y a ??? y a y1 ny1 0
y y ??? y0 1 ny1
.gy y ??? .ny1 0 .s .. . .. . . y1. . .
gy ??? gy y1 ny1 0
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